Introduction.
In a recent paper by von Doenhoff and Tetervin,1 and subsequently in another by Garner,2 a new differential equation of an empirical character has been advanced, whereby the analysis of turbulent boundary layer development, and the prediction of turbulent separation, are greatly facilitated. The present paper deals with the problem theoretically, and, from considerations of the fundamental equations of motion, establishes an analogous expression which, though analytically different from that proposed by the above authors, contains the same parameters. It is further shown how this equation may be solved numerically by an approximate method of a rather complex character.
On comparing results with those obtained from the empirical relations, it appears that there is good agreement when the pressure gradient is small, but that discrepancies are more serious for larger gradients tending to separation.
In this respect there is a notable divergence between the results given by von Doenhoff's formula on the one hand, and that of Garner on the other, the former being appreciably smaller at values of H in the region of separation.
It appears, however, that Garner's relation involves the three basic parameters of the theoretical equation, whereas, in the case of von Doenhoff and Tetervin, only two are apparent. There is reason to think, therefore, that Garner's treatment may be the more reliable, a conclusion which is supported by the theoretical calculations, in that they are in very much better agreement with Garner's predictions than with those of von Doenhoff and Tetervin. Nevertheless, despite the above discrepancies, step-by-step integration of the empirical equations, in conjunction with the momentum equation, leads to estimates of the boundary layer characteristics in good agreement with experiment, so that the errors appear to be less important in the final result. So far as the theoretical treatment is concerned, it would seem of value in establishing the essential parameters associated with the new equation, but for ease and rapidity of calculation in practical cases the empirical approach may prove more attractive.
We shall now proceed to elaborate the fundamental arguments leading to the equation concerned. where bars denote temporal mean values and primes the fluctuating components. Adopting Boussinesq's procedure4 of representing the Reynolds stresses pu'u', pv'v', pu'v' by an apparent increase of viscosity, we replace the natural coefficient of viscosity p. by (p,-\-pe) , where e is the measure of the momentum interchange due to turbulence, and must therefore be considered to vary with respect to the space coordinates. The Reynolds stresses are further treated in exactly the manner prescribed by the general theory of stress. Accordingly, and Eqs. (2.1), (2.2) become Du 1 dp dt du de / dv dti\ = + (? + e)V2« + 2 + -( -+ -). (2. 5) Dt p dx dx dx dy \dx dy) Dv 1 dp de dv de /dv du\ = -+(V + e)VH+2 + -( -+ -). (2-6) Dt p dy dy dy dx \dx dy/ whence the bars denoting mean quantities are no longer necessary, and will therefore be omitted in what follows. 3. Curved flow. Intrinsic form of the equations. Equations (2.5), (2.6) will now be referred to the curvilinear co-ordinates of Fig. 1 . Let AB be a segment of any streamline of the mean flow, and let PN be the orthogonal curve through the point P on the streamline where the resultant velocity is q. Let ds, dn be elements of arc of AB and PN respectively, and finally, let 6 be the angle the tangent to PN at P makes with the axis of X. and the equations of motion for steady flow take, the form dq 1 dp 4. Application to the boundary layer. Integral equation for 6. In applying the equations of motion to the boundary layer, we make the usual assumptions that (a) the fluid is of small viscosity; (b) the boundary layer thickness 8 is small, 0(v116) ;* (c) the curvatures dd/ds, dd/dn are nowhere large, 0(v-1/2). Then, with the usual Prandtl approximation5 of neglecting all terms other than those of first order magnitude, Eqs. (3.1), (3.2) reduce to .
• dq 1 dp d2q dt d-= £+(" + e)_l + 1, (4.1) ds p ds dn2 dn dn d6 1 dp q*-= (4.2) ds p dn the equation of continuity remaining as in (3.3). Further, Eq. (£.2) can generally be neglected, since the total change of pressure along a normal must be 0{52). The derivatives of p with respect to s may accordingly be replaced by the total differentials.
It will also be legitimate, on the basis of (b) and (c) above, to regard 5 as measured along the surface, and n along normals to the surface.
Substitute, now, (3.3) in (4.1) and integrate with respect to n. Then /'» dd 'dp dq
C being the integration constant. For brevity, write r for the total shear stress (n-\-pe)(dq/dn). Then C is equal to the surface value r0, and (4.3) may be expressed as * It is usual in the dimensional analysis of the equations of motion to regard 5 as O 01'2), which is the case if the viscous terms are taken to be of the same order as the inertia terms. However, it is known in the case of the turbulent boundary layer that 5 is proportional to e1". Cf. S. Goldstein, Modern developments in fluid dynamics, vol. 2, University Press, Oxford, 1938, p. 362. 6 L. Prandtl, Uber Fliissigkeitsbeweggungen bei sehr kleiner Reibung, Verhand. des dritten internat.
so that
Jo ^ q y \dv / 5. Equation of the boundary layer parameter H. If the constant of integration in (4.6) is chosen so that 9 is zero at the surface (77 = 0), it follows that -6 will be equal to the angle between the tangent of the streamline at the point P (Fig. 1) and the tangent to the surface where the orthogonal through P strikes the surface; or in less precise terms, -6 measures the divergence of the mean flow with respect to the surface.
Let 0i be the value of 6 at r] = 1, si the distance along the outer edge of the boundary layer, and let the value \pi of the stream function be defined as h = I qdn. is of precisely the same form as the theoretical result (6.1), but which otherwise bears a close resemblance to the formula of von Doenhoff and Tetervin. Garner's solution, therefore, is of particular interest in relation to Eq. (5.9), and it may be useful to summarize briefly these empirical developments.
We will begin by considering the original work of von Doenhoff and Tetervin.
They observe first that the velocity profile determines H, and point out that the converse statement cannot be proved theoretically. They accordingly proceed to subject the hypothesis to experimental test, and, from a considerable volume of experimental data, show that there is very convincing evidence to support the assumption that H uniquely defines the velocity profile. On the strength of this conclusion that the distribution is a uni-parametric function, they then consider how the external forces acting on the boundary layer are related to H. The argument is advanced that the rate of change of H, rather than H itself, is the determining factor, and it is further pointed out that this assumption has the desirable effect of connecting conditions downstream from a point with those upstream of the point. The problem which von Doenhoff and Tetervin investigate, therefore, is the degree of correlation between dH/ds, the pressure gradient dp/ds and the surface friction r0. In the first instance they attempt to establish a relation between the gradients of H and p when expressed non-dimensionally as* ddH/ds and -^d{p/^p^)/ds, thus leaving the frictional term as an independent entity. From their analysis, however, the authors conclude that there is no general relationship of this kind, a systematic variation with Reynolds number being noted. They then consider the ratio of the dimensionless pressure gradient, given above, to the friction intensity which they write in the non-dimensional form To/pg?. This ratio, it will be seen, is equal to -2ddp/rods. It is therefore proportional to In determining the above quantity, von Doenhoff and Tetervin tentatively assume the flat plate skin friction law, as given by Squire and Young,6 irrespective of the pressure gradient. Allowing for the fact that dH/ds and dp/ds were obtained by graphical differentiation of the experimental results, they conclude that, at a constant value of H, there is an approximately linear relationship between &dH/ds and Mp/r0ds, and consequently arrive at the general result indicated by Eq. (6.2). Finally, by analyzing their data at a number of prescribed values of H, they are able to formulate an arbitrary, analytical expression for (6.2) which, in terms of the present notation, is given in section 13, Eq. (13.1). _ Garner follows essentially the line of development instigated by von Doenhoff and Tetervin.
He expresses the momentum equation in the form first used by Howarth,7 and, as a result, prefers a power law for the skin friction.8 He also takes into account the effect of pressure gradients on the skin friction, whereas von Doenhoff and Tetervin are content in general with the plane flow approximation.
Using © and r as basic variables, where** ©=$2?in, and T = Sdqi/qids, Garner then obtains an equation for SdH/ds which is analytically similar to that of ref.
1. In the existing notation it may be expressed, however, in the alternative form given in section 13, Eq. (13.2), from which it will be seen, since X is a function of Rd, 'that it is entirely consistent with Eq. (6.1).
* The presence of the negative sign will be clear when it is recalled that von Doenhoff and Tetervin adopt the alternative form ddq/qds, where, in their notation, q is the dynamic pressure at the outer limit of the boundary layer. ** The index is subsequently taken as n = 6 in conformity with the choice of Falkner's equation for the skin friction.
The empirical equation ior&dH/ds, the momentum equation and a relation for the skin friction are then sufficient to enable the development of the turbulent boundary layer to be analyzed. The solution depends on a step-by-step integration which Garner elaborates in great detail by the finite difference calculus. It assumes that the static pressure distribution is given, and that the initial values of d and H are known, e.g. at transition. This problem is discussed thoroughly in both refs. 1 and 2, and need not concern us further. The integration then yields «? and H at the beginning of each interval. Hence, we seek a form of Eq. (5.9) purely in terms of t?, H and p. This is the subject of Part 2.
Part 2.
7. Approximations regarding the turbulent and laminar layers. Boundary conditions. It is inevitable that a theoretical approach to the problem of the turbulent boundary layer must be appreciably more complex than the simple, empirical treatment of von Doenhoff and Tetervin.
The difficulty of solving the fundamental equations of motion, even when the flow is laminar, is here increased by the fact that we have to consider an "apparent viscosity" which varies from point to point in the fluid. In order to deal with this feature of the flow, some kind of turbulent mechanism must be specified and incorporated into the basic equations. The very considerable difficulties of a rigorous treatment of this aspect of the problem are well known, and even an approximate and much simplified theory, as adopted in the present paper, leads to a rather complicated solution which does not yield an analytical function for ddH/ds. Indeed, it has not been possible to present the arguments advanced in the following pages in the form of a unified theory. Rather the investigation has been divided into a series of associated problems which are considered individually, and it is then shown how the results may be combined in a numerical solution to provide the data for the step-by-step integration referred to in section 6. As a consequence, it will probably assist the reader to give a statement as to the procedure now to be followed, and the nature of the approximations involved. In the first place it will be assumed that the flow may be sub-divided into a turbulent layer, where the effects of fluid viscosity are negligible, and a thin surface layer (laminar sub-layer) where viscosity is predominant, the transition from the one flow to the other being regarded as occurring instantaneously, i.e. in zero length 77. Neglect of v when the motion is fully turbulent implies that e^>v (see Eq. 4.3), an assumption which is valid for sufficiently large Reynolds numbers, and one commonly made in considering this region.9 It will also be convenient at first to take cos as independent variable, and we will subsequently derive a method of transforming from to a;,, which is the variable required in performing the numerical integration of
Eqs. (5.9), (5.10).
On the above basis, we shall then proceed to our first objective, namely the establishment of the velocity distribution in the turbulent and sub-laminar layers, the two cases being considered independently, but in such a manner that the essential boundary conditions are satisfied, and further, that the velocity is continuous at the transition from the laminar to turbulent states. Secondly, the important quantity 6i of Eq. (5.9) will be investigated.
This, it will be shown, depends primarily on the condi- [Vol. V, No. 2 tions in the laminar sub-layer, which cannot be entirely neglected for this reason. To a less, but appreciable degree, it also affects the magnitude of the parameter H. Finally, we develop a method whereby Eq. (5.9) may be evaluated numerically in terms of t?, H and p (or q\, which is related to p by Bernoulli's theorem).
Turning, now, to the approximate nature of the analysis, we have first the simple theory of diffusion upon which the flow in the turbulent layer is based. It is assumed that the intensity components of the turbulent fluctuations do not differ appreciably (or at any rate are proportional to one another), and that the scale may be sufficiently represented by a mean length which is a function of the space co-ordinates.
Although the subsequent development of this simplified conception of the turbulent mechanism near a surface in no way depends on a physical model, it is mathematically equivalent, nevertheless, to Prandtl's momentum transfer theory,10 and is further closely connected with von Karman's similarity theory11 which appears as a special case in the present treatment.
Without entering into the details of the argument, it is finally shown that the turbulent velocity distribution may be expressed in terms of two functions / and g, and the surface friction X, namely,
where X/-1'2 = -r gf~indr} + const.,
X being a function of the correlation between the longitudinal and lateral velocity fluctuations, and the scale of the turbulence.
Strictly, when the natural viscosity of the fluid can not be ignored, / and g are dependent on cos, V and the Reynolds number, but, when the flow is fully trubulent, we neglect, in accordance with our initial assumptions, the viscous terms, and treat both / and g purely as functions of co« and 77. The stress function/ may then be equated to/«, where Jr denotes the component due to the Reynolds shear stress. Hence, assuming for the moment that X is known, the problem of calculating the velocity distribution in the turbulent layer reduces to the determination of/s and g. To this erfd, we first make use of an argument advanced in section 8 (a), namely that approximate solutions for fg and g are sufficient provided A/if1'2 is itself correctly established. Accordingly, we express both/a and g as a power series in 77 with coefficients which are to be purely functions of coj. In the case of fa the coefficients are chosen to satisfy all the known boundary conditions, with the exception of terms dependent on viscosity which are regarded as referring to the laminar sub-layer only. This leads to a solution in quarticform.
In addition to the series for g, two particular solutions for X are considered, viz. Klasse, 58-76 (1930) .
wards the outer edge of the boundary layer. By identifying Xi with X when 77 = 1, and assuming that d\/dt) is then zero, a solution for X, in terms of A and Xi may then be obtained, if g is expressed as a quadratic, to satisfy condition (a) when 17 = 0, and condition (b) when rj = l. The resulting distribution of X for intermediate values of 77 is then regarded provisionally as a valid approximation. Further, when coa = 0, it appears that the corresponding value of A (designated A0) is then identical to von Karman's constant K of the similarity theory.11 Its value is therefore known. In addition, we obtain immediately an integral relation for A/A0 purely in terms of Jr. Hence, apart from X, Xi is the only remaining unknown. As a first approximation, but nevertheless one which appears to be well substantiated by experiment, we assume that Xi is independent of wj. Like A0, it must then be regarded as a fundamental constant to be determined experimentally, the value in the present instance being calculated to give the best agreement between the theoretical and experimental velocity profiles for flow in parallel wall channels. Finally, neglecting second order terms, we obtain a very simple relation for the variation of X with coj, namely X/Xo=A/Ao, where X0 refers to the condition «8 = 0, and is therefore calculable from either von Karman's logarithmic skin friction equation,11'12 or from a power law such as Falkner has published.8 We thus establish a general solution for the velocity distribution in the turbulent part of the boundary layer.
As regards the treatment of the laminar sub-layer, little need be said. It is essentially in the nature of a linear (double link) interpolation which satisfies the main wall condition, and preserves continuity with the turbulent flow solution at the point of transition.
It makes no reference, therefore, to the equations of motion. On the other hand, the approach is justified on the grounds that, when the Reynolds number is moderate or large, the laminar layer is quite thin, and further, that the velocity distribution is then mainly linear throughout the region concerned. The solution for 61, however, requires a little more attention.
As already pointed out, it is primarily dependent on conditions in the laminar layer; it is also largely determined by the stress function. Hence, the relation for fg considered in the study of the turbulent velocity profile is certainly no longer tenable near the surface. We accordingly develop the stress function, which must now be written as /, as a new power series, applicable for small values of t] only, and including the effects of viscosity.
The procedure for determining the coefficients of the series is similar to that adopted in dealing with the turbulent layer, except that in this case the boundary conditions are restricted to the surface. The series is also limited to a quartic in view of the fact that rj is to be regarded as quite small; at the same time it is desirable on account of the increasingly involved character of the coefficients relating to higher powers of 77. The distribution of / in the outer part of the boundary layer is then represented by a second, independent series which satisfies the conditions at 17 = 1, and is continuous with the distribution of/near the wall. The fact that this "inner and outer" solution is not altogether consistent with the previous solution for /, when viscosity was entirely neglected, is regarded as unimportant, for in the first place both approaches are only approximate, and secondly, so far as 0i is concerned, it is the distribution of / in the laminar sub-layer which is critical, whilst the relatively large error which probably arises in the turbulent region has only slight significance. In the former case there is reason to believe that, when viscosity is included, the treatment leads to results of good accuracy. Finally, having established 0i, numerical estimates of ddH/ds may be made from Eq. (5.9) in terms of wa. An additional equation relating cos and w# is also given. Hence Eq. (5.9) may be integrated step-by-step according to ref. (1) 
the function \ = RZ^{1/^) being, in general, a function of 77, and the Reynolds number, since the turbulent mechanism is influenced by viscosity near the surface. It follows that Now assign to Xt the value of X when 17 = 1. If, further, we make the reasonable assumption d\/di)-*0 as 77->1, then a solution for X is obtained, which satisfies the above conditions, by equating (8.11) to Xi when 77=171, with X=Xi in the range 771 <77 <1.
Whether or not this solution for X leads to boundary layer characteristics in accordance with fact can only be decided by test, but for the present we will regard it provisionally as satisfactory.
Hence Hence, the velocity profile is determined primarily, not by the individual values of/a and X, but only by the product X//T1'2, for which there will be a unique distribution across any section of the boundary layer, depending on the flow conditions. We may therefore seek approximate solutions, of an arbitrary character, for fn and X, provided that, when combined in the above manner, they yield a solution of (8.29) in accordance with the physical facts.
In the next section we shall make use of this argument to obtain a general solution of the velocity distribution in the turbulent layer. But, from the preceding section, we have obtained X, and therefore h, in terms of/s and the variables A and X! which are purely functions of ws. Hence, it follows that in the turbulent region, for which Eqs. (8.31), (8.32) are valid, fR must be a function of and ?j only. Moreover, we may then write /==/b, and therefore / is also simply a function of cos and ?j.
We will now obtain an expression for Ii, which satisfies the turbulent velocity distribution generally, by the argument advanced in the last section. This, it will be recalled, depends only on the approximate determination of both fx and X, provided that X/,r1/2 is correctly established. First, therefore, express fR in an arbitrary form. The problem then reduces to the determination of A and Xi so as to satisfy the above conditions for I\. Accordingly, proceeding to the approximate development of /«, we note first that Eq. These conditions must be satisfied in addition to that discussed earlier, namely, for fully developed turbulence, the flow is independent of the Reynolds number when moderate or large. It also follows that may then be taken equal to f. Express, therefore, Jr as a power series in r/, with coefficients which are purely functions of coj. If, in addition,/b is to satisfy the boundary conditions, we must ignore those in which the Reynolds number occurs explicitly, the argument implying that such terms are only important in the laminar sub-layer. This leaves five boundary conditions to be satisfied. Accordingly, we write* We must now consider the boundary functions A and Xi. First, with respect to Xi, let us provisionally assume that it has a unique value for the fully developed turbulent boundary layer (i.e. it is constant for all positive values of cos). It then follows from (8.13) that Finally, if Xi is to be independent of cos, we may determine its value for any arbitrary condition of turbulent flow, e.g. for the case of plane flow. Like A0, it must also be regarded as a constant, only ascertainable numerically by experiment. We will therefore assign toXi that value which gives the best theoretical agreement with the data16'17 of Fig. 2 . This leads to Xi = 0.14, when it will be seen that the distribution of J2 (cos = 0) calculated from the numerical integration of Eqs. The validity of the assumption Xi = constant, and hence of Eq. (8.37), is discussed in section 8 (c). Further evidence appears from the general comparison of the theoretical and experimental velocity profiles in section 10.
(c) Consideration of the general skin friction law (ois ^0
). The present development of the theory of turbulent flow near a surface depends essentially on the three boundary terms A, Xi and X, of which A and Xi have already been considered. As regards X, which determines the surface value of the shear stress, or skin friction intensity, previous investigators have mainly been content to ignore the effect of pressure gradients on X, and to take one of the well attested laws strictly applicable for plane flow only. We shall now show, however, that a simple, approximate relation may be derived to account for the variation of X with coa, i.e. for the influence of pressure gradients on skin friction. This leads to the consideration of the flow conditions very near the surface, namely for very small values of rj. Eq. (8.34) then reduces to fn= l + cotfj, where hi, X, it correspond with ws, and hi', X', a' with cog'. It further appears from experiment that <s varies only slightly, and is small in relation to log Rs, provided Rs is moderate or large. Hence, for the ratio (8.51) no serious error is introduced in neglecting cr, and we then have the simple relation A/A0 being given by (8.37) and X0 by (8.48).
Evidence19'20 as to the validity of (8.53) is shown in Fig. 3 . From the very limited data at present available, it would appear that (8.53) is a reasonably good approximation in the range 0<coj<50, but clearly a good deal more experimental information is required before the precise significance of Eq. (8.53) can be ascertained. 9. Laminar sub-layer. The solution of Eqs. (5.9), (5.10) depends on a knowledge of the momentum thickness, and the parameters H and each of which is a function of the velocity profile. If, however, the laminar sub-layer is neglected in evaluating these quantities, appreciable errors will arise, and it is necessary, therefore, to consider the flow in this region as well as in the fully developed turbulent part of the boundary layer. Before doing so, it will be convenient to express the displacement and momentum lengths in the non-dimensional forms -= f fl--)dr,~ aX; (9.1)
where, from Eq. (8.29), a= -Consequently,
T ~ 7 ( ip ) ' (9'3) (9.4) Turning our attention, now, to the laminar sub-layer, we note first that, for moderate or large Reynolds numbers, it is quite thin. Since, qlso, the velocity distribution in this region is mainly linear, a good approximation to the corresponding distribution of 11 may be represented by the discontinuous curve ABC (Fig. 4) . The characteristics of his curve will be Ad. Comm. for Aeron. Rep. No. 652, 207-226 (1939) . Tetervin1 have analyzed a large amount of data from velocity measurements in the turbulent boundary layer, and it is of interest, therefore, to compare their empirical curves with the theoretical conclusions of the present paper. For this purpose it has been most convenient to take the actual velocity distribution in the form q/qi =f(n/&) as a basis of comparison, the experimental data being obtained from cross-plots of Fig. 9 , of the paper quoted in Footnote 1, where q/qi is plotted with respect to H for a series of values of «/$ = constant. by direct calculation from Eqs. (9.11), (9.12), (9.13), (9.14). Finally, H follows from Eq. (9.4), #/S from (9.3) and hence «/# from 7 " */(t) '
The results of Fig. 5 , which are representative of a number of such calculations, indicate satisfactory agreement between theory and experiment up to values of H in the region of separation.
11. Approximate treatment of Eq. (4.6) in the solution of Eq. (5.9). We are now in a position to consider the solution of Eq. (5.9). This equation contains the important term 6i, which, as will be seen from Eq. (4.6), depends on the ratio of (df/drj-us) t0 (<z/<zi)2-Near the surface, within the laminar sub-layer, dd/drj becomes large, and it appears that the value of 6i is critically dependent on the distribution of dd/dt] in this region. Consequently, viscosity is by no means a negligible factor, and it must be taken into account, not only with regard to the local velocity distribution, already considered in section (9), but also in so far as it affects the stress function/.
In this respect, the solution is in marked contrast to that of the turbulent, velocity distribution, for which/may be equated to Jr. Hence, Eq. (8.34) is no longer tenable, and we must consider a more accurate form, at least for small values of rj, when the solution will depend predominantly on the viscous terms previously ignored. In dealing first with the term 61, we shall accordingly divide the analysis into two parts; (a) that in which the effects of viscosity are all important, (b) that region outside the laminar sub-layer where, again, viscosity may be neglected.
As To a first approximation we now take the relation between X and R# as that for a flat plate, and determine dX/dR# from Falkner's power law form.8 This in terms of R# may be written so that 1 dq-i 1 dp q i ds pq\ ds 3 -13/12 3 r ( $ dp) ~1
-Ba = -0.00673X2?,, Rs X2< 1 + MH + 2) 2 LI p<??X2 ds) \ 8 dp 2 X*Rh We also obtain a relation for Bi as follows. Equation ( Again, for the second term of (11.12), we note first that (11.10) may be written alternatively as
R$ dp -> as already pointed out, the value of 6i depends primarily on the conditions near the surface, and the precise form of (df/dri) -wj at larger values of t] appears to be less important, provided the essential conditions relating to / in the turbulent region are satisfied. We will therefore write a second approximation for/ outside the laminar layer as /=£"'+ B({ 1 -") (11.18) and satisfy the conditions at rj = 1 and 17 = 17*, where rj* (see Fig. 6 ) represents Fig. 6 . the effective thickness of the laminar sub-layer. Then, from (11.1), (11-2), (11.14), (11.16), (11.17) (11, 20) which are the two equations from which to solve for B2' and 77*. The distribution of the quantity (df/dr])-cos in the turbulent layer is then given by the linear relationship Ut-2B{(l-n).
(11.21) This is illustrated in Fig. 6 , where the line AB represents the solution in the turbulent region (Eq. 11.21), and the curve OA the corresponding solution in the laminar layer, as given by Eq. (11.17). The chain curve OCB has been included for comparison, and is the solution developed in section 8 (b). The curves are approximately to scale, and refer to the same flow conditions. The effect of viscosity near the surface evidently has a large influence on the initial distribution of the shear stress, and hence upon B\. (1 + M"J . (12.2) where Ii, a, j3 are found as described in section (10), and (df/dr/) -wa is given by Eq.
(11.17) in the range 0<ti<tj*, and by Eq. (11.21) in the range n* <77 < 1.
Considering the functional nature of the terms, excluding H for the moment, on the right hand side of Eq. (12.2), it is evident that they are either functions of cos and Rs, or of coj or Rs separately. Hence we may write Eq. (12.5), or (12.6), can be solved as follows. Given #, Xo is determined from the law relating Xo and R#, i.e. Falkner's power law,8 or the logarithmic law of Squire and Young.6 Now assume a value of wj; hence we obtain A/Ao (which is purely a function of us) by calculation according to section 8 (b), or, alternatively, from Fig. 3 . X then follows. This enables a value of 5 to be found consistent with the assumed value of coj, and the corresponding value of i?j is calculated. Finally, knowing both coj and Rs, we obtain a from section (9), and, since H is given, a second approximation for 5 (or wj) follows from Eqs. 2) with the corresponding relations of von Doenhoff and Garner. For comparison we have taken, as examples, the case (a) when coj = 0, (b) when co{ = 30, the range of log Rs considered being in both cases 3.5 <log Rs<6.0. For (b) this range of Reynolds number allows a wide variation of flow conditions to be studied, from virtually the plane flow state up to separation, which is imminent when H exceeds 1.8. In estimating (co^)0, when toj=30, the skin friction law adopted in each case has been adhered to. Thus, for theoretical values of (wtf)0 Eq. (8.48) applies, whilst for the empirical formulae of von Doenhoff and Garner the particular skin friction equations given above have been used. This leads to slight variations of (o^)o under otherwise similar conditions, as will be seen from Fig. 7 , where the appropriate value of (wtf)0 is indicated against each point to facilitate comparison.
For plane flow (wj = 0), both the theoretical and empirical results are in good agreement at large Reynolds numbers, but there is some discrepancy at lower values when H becomes abnormally large due to the very thick laminar sub-layer. Under these circumstances the theory is probably unreliable, so that some deviation is to be expected. The condition that dH/ds =i= 0, or, as is generally assumed, H = constant when the pressure gradient is zero or small, is, however, well substantiated by theory. Under conditions of a pronounced pressure gradient, tending to separation, agreement is less satisfactory, not only between the theoretical and semi-empirical solutions, but also between von Doenhoff's and Garner's results.
Some comment on these discrepancies was made in the introduction. It was there pointed out that the theory is consistent with Garner's relation in that both indicate MH/ds to be a function of u#, R# and H, whereas the von Doenhoff-Tetervin equation does not contain R# as an independent parameter. Consequently, in this respect, theoretical calculations might be expected to agree (as is the case) more nearly with Eq. (13.2) than with Ea. (13.1), the latter probably being less generally representative on account of the above restriction.
A further point of interest in regard to the empirical formulae is the value of H when dH/ds=cos=u# = 0. From (13.1), (13.2) it will be noted that, according to von Doenhoff and Tetervin, H then has the value 1.286, whereas Garner, after investigating the variation of H at transition in some detail, concludes that the value 1.4 is a better approximation.
As already observed, MH/ds is very small within the normal range of II when wj is zero, so that any slight discrepancy to which the above quantity may be subject will introduce a large change in the value of H at which dH/ds is precisely zero. In the empirical approach dH/ds was obtained graphically, and therefore the difference between the values of H under the afore-mentioned conditions, as given in refs. (1) and (2), is probably due to errors in the graphical method. By interpolation of the theoretical results in Table 1 , the corresponding value of II is found to be about 1.56. Allowing for the approximate nature of the theory, which may accordingly imply errors in the above H value of the same order as for the empirical formulae, it follows, nevertheless, that Garner's figure of 1.4 is perhaps a better estimate than that of von Doenhoff and Tetervin.
In conclusion, the general form of the equation for MH/ds appears to be established, and a method of analyzing the growth of the turbulent boundary layer has been developed. In practice, however, it is laborious to use, though by extensive graphical treatment it is considered that the work could be reduced to reasonable proportions.
Alternatively, if some degree of empiricism is acceptable, a reasonably reliable, simple and rapid means of reaching a solution is possible on the lines of refs.
(1) and (2). Thus the viscous stress is locally 1/138.3 of the Reynolds stress, i.e. it amounts to slightly less than 1% of it.
